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ˆ§ÊÎ ¥É¸Ö ¢ ±ÊÊ³´μ¥ ·μ¦¤¥´¨¥ Ô²¥±É·μ´-¶μ§¨É·μ´´ÒÌ ¶ · ¢ ¸±·¥Ð¥´´ÒÌ
¶ÊÎ± Ì ³μÐ´ÒÌ μ¶É¨Î¥¸±¨Ì ² §¥·μ¢. ˆ¸¶μ²Ó§Ê¥É¸Ö ÉμÎ´μ¥ ´¥³ ·±μ¢¸±μ¥ ±¨´¥É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥, ¸¶· ¢¥¤²¨¢μ¥ ¤²Ö μ¤´μ·μ¤´μ£μ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¸ ¶·μ¨§¢μ²Ó´μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ ¢·¥³¥´¨. ‚ ¸²ÊÎ ¥ £ ·³μ´¨Î¥¸±μ£μ ¶μ²Ö ¶²μÉ´μ¸ÉÓ
¶ · μ¸Í¨²²¨·Ê¥É, ¤μ¸É¨£ Ö ¢¥²¨Î¨´Ò ¶μ·Ö¤± 1020 c³−3 , ¨ ¶· ±É¨Î¥¸±¨ ¶μ²´μ¸ÉÓÕ ¨¸Î¥§ ¥É ¶μ¸²¥ ¢Ò±²ÕÎ¥´¨Ö ¶μ²Ö. ‘·¥¤´ÖÖ ¶²μÉ´μ¸ÉÓ § ¶¥·¨μ¤ ¶·μ¶μ·Í¨μ´ ²Ó´ ±¢ ¤· ÉÊ ¶μ²Ö ¨ ´¥ § ¢¨¸¨É μÉ Î ¸ÉμÉÒ ν, ¢ Éμ ¢·¥³Ö ± ± μ¸É ÉμÎ´ Ö
¶²μÉ´μ¸ÉÓ ¶·μ¶μ·Í¨μ´ ²Ó´ (ν/m)2 . ‚ ± Î¥¸É¢¥ ¢μ§³μ¦´μ£μ ´ ¡²Õ¤ ¥³μ£μ ¶·μÖ¢²¥´¨Ö ÔËË¥±É · ¸¸³ É·¨¢ ¥É¸Ö ¤¢ÊÌËμÉμ´´ Ö ´´¨£¨²ÖÍ¨Ö ¶ ·. μ²ÊÎ¥´
μÍ¥´± Î¨¸² É ±¨Ì ¸μ¡ÒÉ¨° ¤²Ö ´ ¨¡μ²¥¥ ³μÐ´ÒÌ ¤¥°¸É¢ÊÕÐ¨Ì μ¶É¨Î¥¸±¨Ì
² §¥·μ¢, ±μÉμ· Ö ¸μ¸É ¢²Ö¥É 5Ä10 ¸μ¡ÒÉ¨° ´ μ¤¨´ ² §¥·´Ò° ¨³¶Ê²Ó¸.
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ElectronÄpositron pair production in a standing wave is explored using a
parameter-free quantum kinetic equation. Field strengths and frequencies corresponding to modern optical lasers induce a material polarization of the QED vacuum,
which can be characterized as a plasma of e+ e− -quasiparticle pairs with a density
of ∼ 1020 cm−3 . The plasma vanishes almost completely when the laser ˇeld is
zero, leaving a very small residual pair density, nr , which is the true manifestation of vacuum decay. The average pair density per period is proportional to the
laser intensity but independent of the frequency, ν. The density of residual pairs
also grows with laser intensity but nr ∝ ν 2 . With optical lasers at the forefront
of the current generation, these dynamical QED vacuum effects can generate 5Ä10
observable two-photon annihilation events per laser pulse.
The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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In the presence of a strong external electric ˇeld the vacuum of QED ®breaks
down¯ via the emission of electronÄpositron pairs [1, 2]. A theoretical understanding of this phenomenon is well established; e.g., Refs. [3, 4], but hitherto
an experimental veriˇcation is lacking. A key obstacle is the very high value
of the electric ˇeld required to achieve this phenomenon; namely, for electrons,
Ecr = m2 /e = 1.3 · 1016 V/cm. (We use  = 1 = c.) According to Schwinger's
formula [2], the pair creation rate in a constant electric ˇeld is exponentially
damped for E  Ecr . However, a very different situation exists when the electric ˇeld is strongly time-dependent [4Ä9]. In this case the Schwinger formula
and its analogue for a monochromatic ˇeld become inapplicable in the weak-ˇeld
regime [10]. Despite the high value of Ecr , examples do exist of physical situations in which vacuum pair production can occur, such as: relativistic heavy-ion
collisions [11]; neutron stars [12]; and focused laser pulses [13].
A description of an electromagnetic ˇeld can be obtained using F = (E2 −
2
B )/2, G = E · B. No pairs can be produced when F = 0 = G, which is
the case for an electromagnetic plane wave. This is also approximately true for
the ˇeld produced by focused laser beams [14], in which case pair production is
exponentially suppressed. On the other hand, it should be possible to avoid the
lightlike ˇeld conˇguration with a spatially uniform ˇeld created in an antinode
of the standing wave produced by the superposition of two coherent, counterpropagating laser beams [15]. Pair creation is a nonperturbative effect and no
complete solution of the relevant dynamical equations is available for a realistic
conˇguration of laser ˇelds. However, numerous studies exist for the idealized
situation of spatially-uniform time-dependent ˇelds [7Ä19] with the conclusion
that vacuum decay is not observable with the laser parameters currently available.
With recent developments in laser technology, in particular the method of
chirped pulse ampliˇcation, having yielded a remarkable increase in light intensity
at the laser focal spot [20], and with the construction of X-ray free electron
lasers (XFELs) now underway, the possibility of an experimental veriˇcation of
spontaneous pair creation from the vacuum is again attracting attention [21, 22].
Vacuum decay is a far-from-equilibrium, time-dependent process and hence
kinetic theory provides an appropriate descriptive framework. We employ the
approach of Ref. [5], which allows one to consider pair production as a dynamical process while accounting properly for the initial conditions. This method is
essentially nonperturbative and possesses novel features. For example, it incorporates the essentially non-Markovian character of pair production in quantum ˇeld
theory and its dependence on particle statistics [23, 24], and provides for a description of the complete momentum-dependence of the single-particle distribution
function. A characteristic feature of the kinetic approach is an ability to describe
quasiparticle excitations during all stages in the evolution of an external ˇeld.
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This quantum kinetic framework was used in Refs. [7, 8] to study an electric
ˇeld with near critical magnitude and X-ray frequency. It was shown that a
ˇeld magnitude of approximately 0.25Ecr could initiate particle accumulation
and the consequent formation of a plasma of spontaneously produced pairs. The
quantum Vlasov equation of Ref. [5] has also been employed in studies of the
pre-equilibrium phase in the evolution of a quarkÄgluon plasma, whose creation
on earth via ultrarelativistic heavy-ion collisions is an aim at the RHIC and
LHC [25].
Herein, on the other hand, we consider the possibility of pair production with
ˇeld parameters that are achievable today at laser facilities which are already in
operation [26, 27]; namely, ν 2  E  Ecr , where ν is the laser ˇeld frequency.
As gauges of creation efˇciency we employ the mean density per period, n,
and the residual density taken over an integer number of ˇeld periods, nr [9].
We argue that, in comparison with XFELs, modern optical lasers can generate
more vacuum polarization e+ e− pairs owing to the larger spot volume ∼ λ3 ,
where λ is the wavelength of the laser light, and hence can provide access now to
observable signals of vacuum decay, such as coincident photon pairs from e+ e−
annihilation.
The key quantity in our approach is the single-particle momentum distribution
function f (p, t). The kinetic equation satisˇed by f (p, t) can be derived from
the Dirac equation in an external time-dependent electric ˇeld via the canonical
Bogoliubov transformation method [4], or with the help of an oscillator representation [28]. These procedures are only valid for simple ˇeld conˇgurations; e.g.,
a spatially uniform, time-dependent electric ˇeld E(t) = (0, 0, E(t)), which is the
idealization we shall consider. The ˇeld is assumed to vanish at an initial time
t = t0 , when real particles are absent. This is the ground state. Ignoring collisions, that are valid for the relatively weak ˇeld strengths considered herein [7,8],
one can write the kinetic equation in the form [5]
∂f (p, t)
∂f (p, t)
+ eE(t)
=
∂t
∂p
t
1
= Δ(p, t, t) dt1 Δ(p, t1 , t) × [1 − 2f (p, t1 )] cos[x(t, t1 )],
2

(1)

t0

where the three-vector momentum p = (p⊥ , p ) and
t2
p(t1 , t2 ) = p − e

E(t )dt ,

(2)

t1

Δ(p, t1 , t2 ) =

2

eE(t1 )⊥
,
ε2 (p, t1 , t2 )

(3)

t
x(t, t1 ) = 2

dt2 ε(p, t2 , t),

(4)

t1

ε2 (p, t1 , t2 ) = 2⊥ + p2 (t1 , t2 ), with 2⊥ = m2 + p2⊥ .
The total ˇeld E(t) is deˇned as the sum of the external (laser) ˇeld Eex and
the self-consistent internal ˇeld Ein , which is determined by Maxwell's equation


d3 p 1
Ėin (t) = −e
2p f (p, t)
(2π)3 ε0

t
(5)
+⊥ dt1 Δ(p, t1 , t) [1 − 2f (p, t1 )] cos[x(t, t1 )] ,
t0

where ε0 = ε(p, t, t). The current density on the r.h.s. of Eq. (5) is the sum of a
conduction current, proportional to f (p, t) and tied to the particles motion, and a
polarization current, linked to the pair production rate.
Equation (1) is an integro-differential equation. Its solution is complicated
by the presence of three time-scales, which can be vastly different: τqu = 1/m,

Fig. 1. λ3 n(t) as a function of time, measured in units of the laser period, T ; i.e., the
number of pairs produced within a volume λ3 by the ˇeld in Eq. (8). Solid line Å optical
O
= 3 · 10−5 Ecr and λO = 795 nm. Dotted line Å XFEL
laser (weak ˇeld case) [26]: Em
X
(strong ˇeld) [7, 8, 21]: Em = 0.24 Ecr and λX = 0.15 nm. The value of the residual
pair density, nr , is marked in both cases. NB. (λO /λX )3 = 1.5 · 1011
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the quantum time-scale that expresses intrinsically quantum ˇeld theoretic effects; τtu = m/(eE), the time-scale characterizing the separation between pairproduction events; and τ = 1/ν, the laser period. For the ˇelds of interest
herein τtu  τqu and τ  τqu . However, despite this appearance of two small
parameters, one cannot develop a perturbative solution because of the temporal nonlocality expressed in the source via the coherent phase oscillation term:
cos[x(t, t )]. Simpliˇcation is nevertheless possible because, with optical laser-like
parameters, E  Ecr , and consequently [7, 8] the quasiparticle number density
is small; viz., [1 − 2f (p, t)] ≈ 1, and the internal ˇeld Ein is negligible. Under
these conditions, the solution is
f (p, t) =

1
2

t
dt1 Δ(p, t1 , t)
t0

t1
×

dt2 Δ(p, t2 , t) cos[x(t, t2 )],

(6)

t0

from which the result is obtained directly via numerical integration subject to the
initial condition f (p, t0 ) = 0. The number density is

d3 p
f (p, t) .
(7)
n(t) = 2
(2π)3
We consider herein a simple model for the ˇeld formed in the superposition
of two coherent, counter-propagating laser beams; i.e., a harmonic ˇeld, with
magnitude Em and angular frequency ω = 2πν, that persists for z periods of
length T = 1/ν:
0  t  zT.
(8)
E(t) = Em sin ωt,
In Fig. 1 we plot the time dependence of the quasiparticle pair density generated by ˇelds of the type in Eq. (8). Two ˇeld strengths are considered:
one that represents the parameters of a working Ti:sapphire laser [26], with
O
≈ 3 · 10−5 Ecr and λO = 1/ν = 795 nm; and another which mimics the
Em
X
planned XFEL at DESY [21], with Em
= 0.24 Ecr and λX = 0.15 nm. It is
apparent that the density of e+ e− -quasiparticle pairs oscillates in tune with the
ˇeld frequency [7, 8].
We now introduce the residual and mean pair densities:
 t0 +zT
1
nr := n(zT ), n :=
dt n(t).
(9)
zT t0
For ˇelds of the type in Eq. (8), one ˇnds

2 
3
eEm
mλ
ω2
nr
3
∼
λ n ∼
,
,
m2
2π
n
m2
4

(10)

and for optical lasers, as one would anticipate, this ratio is very small. For
example (see Fig. 1), with the model optical laser parameters nr ∼ 10−4 λ−3
O ,
−3
−11
n ∼ 107 λ−3
and
n
/n
10
;
whereas
for
the
XFEL
parameters
n
∼
λ
r
r
O
X ,
4 −3
−4
n ∼ 10 λX and nr /n ∼ 10 .
On the other hand, these results reveal that despite the fact that the residual
density under XFEL conditions exceeds that of optical lasers by many orders of
magnitude, the number of e+ e− -quasiparticle pairs within the spot volume is far
greater for optical lasers. Indeed, on average, optical lasers produce roughly 107
virtual pairs in their spot volume during each laser period. This corresponds to
a vacuum polarization pair density of ∼ 1020 cm−3 ; i.e., a dense plasma of
e+ e− -quasiparticle pairs that vanishes almost completely at the ˇeld's nodal
points. NB. This outcome is readily understood: the spot volume for optical
lasers is much larger than that for a typical XFEL.
One may compare our result with that of Ref. [9], which employs an imaginary time method that yields nr ∼ z but no information about n. In Eq. (10)
we report that the mean density of e+ e− -quasiparticle pairs is independent of ν,
while nr ∼ ν 2 . Both densities are proportional to the laser's intensity and this
leads to the accumulation effect for nr in near critical ˇelds [8]. For subcritical
ˇelds, the number of e+ e− pairs remaining after an integer number of periods is
negligible in comparison with the mean density. (NB. Eq. (10) is not applicable
for pulse-shaped ˇelds, which may be a more realistic model for crossed lasers.
For this geometry nr depends strongly on the parameters that determine the pulse
shape but this is not material to our subsequent discussion, which is based on
results determined numerically.)
In Fig. 2 we plot the single-particle momentum distribution at an antinode of
our model for an optical laser ˇeld. Consistent with Ref. [7], even for this weak
ˇeld the distribution function has a longitudinal and transverse momentum space
width ∼ m. This is in contrast to a common assumption that the longitudinal
momentum of the produced pairs vanishes [11].
We have shown that an optical laser can induce a signiˇcant polarization of
the QED vacuum. To determine whether this has observable consequences we
estimate the intensity of e+ e− → γγ annihilation from the polarization volume.
The γγ signal, with mean total energy ≈ 1 MeV (cf. the laser photon energy of
∼ 1 eV), should be seen outside the laser spot volume. The γγ rate is
dNe+ e−
=
dt d3 x



d3 p1 d3 p2
f1 (p1 , t) f2 (p2 , t)×
(2π)3 (2π)3

× σ(p1 , p2 ) (v1 − v2 )2 − (v1 × v2 )2 , (11)

where v is a particle's velocity and σ is the cross section for two-photon annihi5

lation
σ(p1 , p2 )



2
πe4
t̂
=
+
t̂
−
1/2
×
2m2 t̂2 (t̂ − 1)
√


t̂ + t̂ − 1

× ln √
− (t̂ + 1) t̂(t̂ − 1) ,
t̂ − t̂ − 1

(12)

with the t-channel kinematic invariant
t̂ =

1
(p1 + p2 )2
=
(ε1 + ε2 )2 − (p1 + p2 )2 .
4m2
4m2

(13)

Fig. 2. Single-particle momentum distribution function at an antinode of the electric ˇeld
in Eq. (8) for optical laser parameters; viz., Em = 3 · 10−5 Ecr

For this estimate, we consider a laser-induced ˇeld speciˇed by the following
parameters [26]: pulse intensity I = 1020 W/cm2 ; pulse duration τL = 85 fs
and λ = 795 nm; and spot diameter 2.5 μm, and ˇnd there are 5Ä10 annihilation
events per laser pulse. We depict the wavelength dependence of the mean particle
number and spot-volume production rate in Fig. 3. Plainly, as noted in Ref. [8],
if all other factors can be maintained, there is merit in increasing λ. While more
dramatic signals must likely await XFEL capacities [7, 8], this study suggests the
intriguing possibility that contemporary laser facilities may be sufˇcient for the
ˇrst observation of an intrinsically nonperturbative effect in QED.
6

Fig. 3. Solid line Å λ-dependence of the mean quasiparticle number, λ3 n; dotted
line Å γγ-production rate/laser period from the spot volume, λ3 dNe+ e− /dt/d3 x (with
the time-averaging procedure deˇned in Eq. (9)). Both curves were calculated with a ˇxed
ˇeld strength Em = 3 · 10−5 Ecr in Eq. (8)

We explored the possibility of e+ e− -pair production using the present generation of optical lasers as a parameter-free application of nonequilibrium quantum
mean-ˇeld theory. With an idealized model for a crossed-laser electric ˇeld as
input to the quantum Vlasov equation, we found a signiˇcant polarization of the
QED vacuum. It is characterized by a dense plasma of e+ e− -quasiparticle pairs,
which disappears almost completely once the laser ˇeld vanishes, leaving a very
small residual pair density. The mean density is independent of the laser frequency, ν, while the density of residual pairs increases with ν 2 . These dynamical
QED vacuum effects may be signalled by the appearance of coincident photon
pairs, from e+ e− annihilation, with a mean energy of ∼ 1 MeV and an intensity
of 5Ä10 events per laser pulse. This represents a nonlinear transformation of soft
laser photons to γ-quanta with a frequency ratio of  106 .
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